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ON THE ARITHMETICO-GEOMETRICAL MEAN. 



BY PROF. EDGAR FRISBY, V. S. NAVAL OBSERVATORY, WASHINGTON, D. C. 

Gauss, in his Memoir entitled "Determinatio Attractionis", &c, Werke, 
Bd. 3, p. 333, has given a method for finding the value of the elliptic inte- 
gral 

dd 



/,- 



j/(m 2 cos z + w 2 sin 2 0/ 

which can be developed in the following manner: 

Let m and n be any two real and positive quantities, then if m 1 and n 1 

are their Arithmetical and Geometrical means so that 

m A- n , 

«h = — g — ; «i = Vmn; 

m,-\-n, , n 

m 2 = -^2""^ > n 2 = Vm l n 1 ; &c, 

the successive values of m and n will very rapidly converge to a definite 
limit p. which for simplicity Gauss calls the Arithmetico-Geometrical Mean. 
As an example take 



m 


= 100, 


n 


= i; 


m, 


= 50.5, 


»i 


= 10; 


m„ 


= 30.25, 


ra. 


= 22.47221 ; 


m 3 


= 26.36110, 


n 3 


= 26.07267; 


m 4 


= 26.21689, 


n 4 


= 26.21649; 


m 5 


= 26.21669, 


»5 


= 26.21669. 



This calculation is made quite readily for each m is the arithmetical mean 
of the preceding m and n ; also the logarithm of each n is the arithmetical 
mean of the logarithms of the preceding m and n ; which logarithm will be 
used in computing the next n, &c. 

I. To prove that 

"2-r dd 1 



/: 



j/(m 2 cos 2 #-|-« 2 sin 2 0) p? 

suppose the variable to be represented as a function of another variable 

6 X so that 

. a 2m sin d 1 ,-.*. 

(m+n)cos 2 d 1 -)-2msin 2 tf 1 ' 
We know that this is always possible, for the value of d 1 which makes the 
right hand member of this equation a maximum or minimum is given by 
the equation cos 0j=O; the other equation, (m — n)sin 2 d 1 =m-\-n, is plain- 
ly inadmissible. Putting therefore 
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O x = J7T Or §7T 

we find that this expression always lies between -f 1 and — 1 ; 6 and d x 
will always have the same sign and the limits will be the same from to 
\tz, iz, \tz or 2n. 

Substituting 1 — sin 2 ^ for cos 2 ^ 1 in (1) we have 

. a 2m sin 6 X *\ 

m-f n-\-(m — n)sin 2 d 1 ' > (2) 

or (m — ri) sin flsin 2 ^ — 2m sin X -\-(m-\-n)sm = 0, J 

and solving this equation for 6 1 we have 

(m — n) sin 6 sin 6 x = m ± j/(m'cos*0 -|-n 2 sin 2 0), 
or -(/(m 2 cos 2 ^+n 2 sin 2 ^) = m — (m — n)sin sin 0^. (3) 

Differentiating equation (2) under the following form, 

sin 6 _ m-\-n-\-(m — n)sin 2 ^ x 
sin d 1 2m ' 

we have 

sin 6 cos 6, dd-, —sin 6, cos 0d# = sin 6, cos 0i snrW0, , 

m 



•(4) 



or 

dd = dgi _ from ^ d0 

m — (m — njsin^sin^! mcotfltanflj i/(m 2 cos 2 04-ft 2 sin 2 0) 

Expressing the denominator m cot 6 tan X as a function of m 1 , n 1 and # x 
we have 

m 2 cot 2 tan 2 /?, = m 2 tan 2 ^, f-JL—l) 

On substituting (m -)- n) 2 = 4mf , (m — n) 2 = 4(mJ — nf) and J(m 2 -)-«. 2 ) = 
2mf — n\ this equation becomes 

= — l^rm?(cos 2 1 + sin 2 1 ) 2 +(m2— n^sin'fl, 

COS i P 1 |_ 

— (2mf -nf ) sin 2 /? ! (cos 2 /? ! -f sin 2 ^ a )~| 

= m\ cos 2 ^ 1 +nf sin 2 ^ x . (5) 

Equation (4) becomes 

dd d8 t ,r.\ 

y'{m 2 cos?d+n 2 sm 2 d) ~ j/tmfcos^+nfsin 2 ^)' { ' 

and therefore 

p» dd_ n* dd^ . 

J 27r,/(m 2 cos 2 0+}i 2 sin 2 0j ~~ J 2^ {m\co^d ^n\sWd x )' 



/: 
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and proceeding in the same way with # 2 , m 2 , n 2 ,&c, we find it to be ulti- 
mately equal to 

"*2ir $0 I 

27r 1 /(/z 2 cos 2 -f fom*9) = Jt' ^ 

II. From this value many more interesting integrals may be found. 
Resuming equations (3) and (5) we have 

j/(m 2 cos 2 #-f-n 2 sin 2 0) = m — (m — n) sin 8 sin 8 1} 
■j/(mf cos 2 ^ -fnfsin 2 ^) = m cot 6 tan 6 X ; 
whence we find 

sin d sin # 1 v / (m 2 cos 2 #+n 2 sin 2 0) — cos 6 cos 1 -\/(m\ca£O l +n 2 sin 2 1 ) 
= m sin 6 sin d x — (m — n) sin 2 sin 2 # x — m cos # cot 6 sin x 
= m sin # sin # x (l — cot 2 0) — (m — n) sin 2 # sin 2 ^ 

= — m^-J-fcos 2 ^— sin 2 0) — (m — n) sin 2 # sin 2 0., 
sin P 

= — J(cos 2 # — sin 2 0) [m -f n -\- (m-n)sm 2 6 x ] — (m-m)sin 2 sin 2 ^ x , by (2), 
= — \{m+n) (cos 2 #-sin 2 #)-J(m-n) (l-2sin 2 ^)sin 2 ^ 1 -(m-n)sin 2 ^sin 2 ^ 1 
= — J(m + «) (cos 2 — sin 2 0) — J(m — ri) sin 2 # x ; therefore 
sin 6 sin # x j/(m 2 cos 2 #-)-n 2 sm 2 0)-|- \{m-\-n) (cos 2 — sin 2 0) 

= cos 6 cos d 1 i/(m\ cos 2 ^ -fnfsin 2 ^ — J(m— njsin 2 ^. 
Multiplying this equation by each member of (6) we have 
(m+n)(cos 2 fl — sin 2 fl)cfl9 _ (to— n)sm 2 d x dd 1 , , . ff „ ,~ 

2 1 /(m 2 cos 2 0+?i 2 sin 2 0) 2 1 /(m 2 cos 2 1 + wfsin 2 ^) ^ ' K } 

Multiplying this equation by (m — n)-+-7t and substituting (to — ») 2 = 
4(mf — nf), sin 2 ^ = \ — ^cos 2 ^ — sin 2 ^) and integrating from to 2rc 
we have 

I 2_ 2n f" (cos 2 0smW)dd __ 2(mf— nf ) 

tfn n ; j ^ 27r l /(m 2 cos^ + « 2 sin 2 ^) /z 



o/ 2 _ 2^ f 2 * (cos 2 ^— sin 2 fl t)^! 
+ 4 m i n i)J 2tt,/(to?cos 2 0, +» 2 sin 2 fl, ) ' 



2^ T /(mfcos 2 6' 1 +nfsin 2 /? 1 )-' 
and by successive substitutions in the same way it becomes 

n* (cos 2 d—sm 2 d)dd _ 2(mf— wf )+4(ml-wl)+8(ml— w | )+&c. 
J 2x(m 2 cos 2 d + m 2 sin 2 #) (m 2 — n 2 )ft 

= --•(9) 

If we now put J-j/(m 2 — n 2 ) = A ; |]/(mf — nf ) = ^ ; ii/(m| — n|) = 
A 2 , &c, we find that 

A x = ;J 2 =-^-&c.; v = — AJ 2 ' 3 
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If we now put to = -j/(m 2 cos 2 # +nhm 2 d) we find, from (7) and (9), 

J 27TW ' 2^ ' J 2^-0) " " 2/i ' ^ ' 

If we put 

J 2™ 3 ; H ~ J 2™ 3 ' 

we can find their values in the following manner: 

, sin 6 cos (cos 2 # — sm 2 d)dd ,(m 2 — ft 2 ) sin 2 # cos 2 ddd 

1ZW n(D 7TC0 3 

__ (cos 2 d—sm 2 d)dd r (m 2 cos 2 d—n 2 sm 2 d)(cos 2 d+sm 2 d) 
nw I 27ici) 3 



m 2 cos 2 0-fft 2 sin 2 0)(cos 2 — sin 2 0)~l ,« 
2^-w 3 J 



Cm?cos 2 9 — n 2 cos 2 6~\ ja „ n 
w _T- (11) 



(cos 2 fl — sin 2 d)dd L |~m 2 cos 2 —n 2 cos 2 ff 

2x0) 



Integrating this equation between the limits and 2x, we have 

— -+m 2 P— ft 2 Q = 0, and from (7) — l+m 2 P+n?Q =0: 

- *-S£ «=fe^ d .C^--= p+ * (,2) 

It is evident from equations (8) and (11) that the integrals from to \n, 
tz, \tz and 2n will be proportional to these values } for sin d x cos 6 and sin 
cos 6 will vanish at both limits. 

Note. — The indefinite integral 

I -77-2 2I , , • »=\ = — fr0m ( 7 )- 

•/ -j/(m 2 cosx+w 2 sin 2 i!;) /J. 
Multiplying (8) by 2(m — ft) we find 

r (cos 2 £— sin 2 C)< „ _v6> A 1 cosCsinC l +2A 2 cosC l sjnjyf&c . 

J v/(m 2 cos 2 C + ft 2 sin 2 C) /* ~" = X 2 " '"" ' 

where 6 is the limiting value of £ if £ 2 is determined from f 1P m x and ft x 
in the same manner that d is determined from m, n, £, &c. 

Collecting all these results and putting, for the sake of brevity, 

a) = i/(m 2 cos 2 £-|-ft 2 sin 2 £) 
we have 

J 27ICO JJL 

P"- (cos 2 C— sin 2 C)(JC _ _^ 
J 2^<w ^/' 

*For want of sorts, f is here, and tlirougli the succeeding part of this Art., used for 8. 
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J 2ttw 2/t ' ^ 2ttw 2/z 

J n ~2ttc7 3 2mV J „ 2™ 3 ~2ra 2 u 



2m 2 /*' J 2™ 3 2» 2 ^ 

f 2 " <*C _ 1 + v , 1— v _ TO 2 +rc 2 — (m 2 — w> 
•/ 2^«) 3 2m 2 // 2ft 2 /* 2m 2 n 2 v 

and the integrals from to \iz, it, f n and 2x are always proportional to them. 
The indefinite integrals 

CK=JL. 

J CO jl ' 

r (cos 2 C— sin 2 £)j£ _ _J>® , ^cos Csin Ci -H 2 cos gsin C 2 +&c. __vl9, , . 

J CO fi ^ 2 (JL ' 

J a> '"" 2/z i ~2' J w // 2' 

r cos 2 ^ _ ^ v; ^ V q> y T . pin^C - V g? Vlj 

J a) 3 2m 2 // ' •/ <w 3 2n 2 /« 

(m 2 +n 2 -(m 2 — n>) 0— (m 2 — n 2 )(p^-— a\[i 

J co 3 2m 2 n 2 v 

where v, A, &a, have the values given above. 



THE SUMMATION OF SERIES WHOSE COEFFICIENTS FORM 
AN ARITHMETICAL PROGRESSION OF ANY ORDER. 



Let the series be represented by ax J r bx 2j r cx i -\-dx i -{- . . . whose sum we 
denote by S. Putting x = y-*-(l-\-y), we have 

\l+y/^ \l+yJ ^ \l+y) ^ \l+y) ^ 
Developing each of these fractions by the Binomial Theorem, we have 
S = ay—{a-b)y 2 +(a-2b+c)y 3 —{a-Sb + So-d)y i +(a-4b + 6G-4d+e)y i -.. . 
We see that the coefficients of this series are the successive finite differ- 
ences, which we shall denote by da, J 2 a, A 3 a, . . ., consequently 
S = ay-{- Aa.y 2 -\-A 2 a.y l '-f- /Pa.y* + ... or 



